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Infinitesimal Torelli theorem for surfaces with
c21 = 3, χ = 2, and the torsion group Z/3
Masaaki Murakami ∗
Abstract
We prove the infinitesimal Torelli theorem for general minimal
complex surfaces X’s with the first Chern number 3, the geometric
genus 1, and the irregularity 0 which have non-trivial 3-torsion divi-
sors. We also show that the coarse moduli space for surfaces with the
invariants as above is a 14-dimensional unirational variety.
0 Introduction
In the present paper, we will prove the infinitesimal Torelli theorem for gen-
eral minimal complex surfaces X ’s with c21 = 3, χ(O) = 2, and Tors(X) ≃
Z/3, where c1, χ(O), and Tors(X) are the first Chern class, the Euler char-
acteristic of the structure sheaf, and the torsion part of the Picard group of
X , respectively. We will also show that all surfaces with the invariants as
above are deformation equivalent to each other, and that their coarse moduli
space M is a 14-dimensional unirational variety. Here, let us remark that
the condition Tors(X) ≃ Z/3 is a topological one; minimal surfaces with
c21 = 3 and χ(O) = 2 have the geometric genus pg = 1 and the irregularity
q = 0, hence the torsion group Tors(X) isomorphic to the first homology
group H1(X,Z).
As is well known today, Torelli type theorems do not necessarily hold for
surfaces. One of the most famous counter examples are surfaces of general
type with pg = q = 0. Although Torelli type theorems have been proved
for many classes of surfaces, finding what conditions we should impose still
remains as a challenging problem. So it makes sense to study period maps
for concrete classes of surfaces.
∗The author was supported by INDAM-GNSAGA during his stay at University of
Padua, Italy, starting from October 2003 to March 2004, in which he performed all the
computations included in this article.
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Let us recall some results on period maps for surfaces of general type
with pg = 1 and q = 0. In [1], Catanese proved the infinitesimal Torelli
theorem for general minimal surfaces with c21 = 1, pg = 1, and q = 0,
while in [2] that the global period mapping has degree at least 2. He first
showed that any such surface is essentially a weighted complete intersection
of type (6, 6) in the weighted projective space P(1, 2, 2, 3, 3), and used this
complete description to study the period map for these surfaces. Meanwhile
for the case c21 = 2, pg = 1, and q = 0, the torsion group is either 0 or Z/2.
Using a complete description for the case of Z/2 by Catanese and Debarre [3],
Oliverio studied in [8] the infinitesimal period maps for the case of non-trivial
2-torsion divisors by the same method as in [1].
Consider the case c21 = 3. In this case, the order ♯Tors(X) is at most 3
by a result in [6]. Moreover, in [7], the author showed that any surface X of
this class with Tors(X) ≃ Z/3 is essentially a quotient of a (3, 3)-complete
intersection in P4 by a certain free action by Z/3. Using this complete de-
scription, we will show in the present paper the infinitesimal Torelli theorem
for general X ’s by the same method as in [1] and [8]. Here, general X means
any surface corresponding to a point in a certain Zariski open subset of the
coarse moduli space M.
In Section 1, we state our main theorems of the present paper and recall
our previous results given in [7]. In Section 2, we show the unirationality of
the coarse moduli space M. Finally in Section 3, we prove the infinitesimal
Torelli theorem for our surfaces X ’s. Throughout this paper, we work over
the complex number field C.
Notation
Let S be a compact complex manifold of dimension 2. We denote by
pg(S), q(S), and KS, the geometric genus, the irregularity and a canonical
divisor of S, respectively. We denote by Tors(S) the torsion part of the
Picard group, and call it the torsion group of S. For a coherent sheaf F on
S, we denote by hi(F) the dimension of the i-th cohomology group H i(S,F).
The sheaf OS, ΩpS , and ΘS are the structure sheaf, the sheaf of germs of
holomorphic p-forms, and that of germs of holomorphic vector fields on S,
respectively. As usual, Pn is the projective space of dimension n. We denote
by ε = exp(2π
√−1/3) a third root of unity.
1 Statement of main results
In a previous paper [7], the author gave a complete description for minimal
algebraic surfaces X ’s with c21 = 3, χ(O) = 2, and Tors(X) ≃ Z/3, where c1,
2
χ(O), and Tors(X) are the first Chern class, the Euler characteristic of the
structure sheaf, and the torsion part of the Picard group of X , respectively.
In the present paper, we will give proofs for the following two theorems:
Theorem 1. All minimal algebraic surfaces X’s with c21 = 3, χ(O) = 2,
and Tors(X) ≃ Z/3 are deformation equivalent to each other. Their coarse
moduli space M is a 14-dimensional unirational variety.
Theorem 2. Let X be any general surface as in Theorem 1. Then the
infinitesimal period map µ : H1(ΘX)→ Hom(H0(Ω2X), H1(Ω1X)) is injective.
Remark 1. The surfaces X ’s as in Theorem 1 have the geometric genus pg = 1
and the irregularity q = 0. We refer the readers to [4] for the existence of
the coarse moduli space M. See also [5] for the infinitesimal period map.
In order to give proofs for the theorems above, let us first recall the main
results given in [7]. See [7] for proofs of the following two theorems:
Theorem 3 ([7]). Let X be a minimal algebraic surface with c21 = 3, χ(O) =
2, and Z/3 ⊂ Tors(X). Let π : Y → X be the unramified Galois triple cover
corresponding to a non-trivial 3-torsion divisor. Then both the fundamental
group π1(X) and the torsion group Tors(X) are isomorphic to the cyclic group
Z/3. Further, the canonical model Z of Y is a complete intersection in the
4-dimensional projective space P4 defined by two homogeneous polynomials
F˜1 and F˜2 of degree 3 satisfying
F˜i(W0, εX1, εX2, ε
−1Y3, ε
−1Y4) = F˜i(W0, X1, X2, Y3, Y4) (i = 1, 2).
Here, (W0, X1, · · · , Y4) is a homogeneous coordinate of P4, and the constant
ε = exp(2π
√−1/3) is a third root of unity.
Theorem 4 ([7]). Let X be a surface as in Theorem 3. If X has an am-
ple canonical divisor KX , then h
1(ΘX) = 14 and h
2(ΘX) = 0, hence the
Kuranishi space of X is smooth and of dimension 14.
Remark 2. Explicit forms of the two polynomials in Theorem 3 are given by
F˜i = a
(i)
0 W
3
0 +W0γ˜i(X1, X2, Y3, Y4) + α˜i(X1, X2) + β˜i(Y3, Y4) (1)
for i = 1, 2, where
γ˜i = a
(i)
1 X1Y3 + a
(i)
2 X1Y4 + a
(i)
3 X2Y3 + a
(i)
4 X2Y4,
α˜i = a
(i)
5 X
3
1 + a
(i)
6 X
2
1X2 + a
(i)
7 X1X
2
2 + a
(i)
8 X
3
2 ,
β˜i = a
(i)
9 Y
3
3 + a
(i)
10Y
2
3 Y4 + a
(i)
11Y3Y
2
4 + a
(i)
12Y
3
4 ,
are homogeneous polynomials of X1, · · · , Y4 with coefficients a(i)j ∈ C.
3
Remark 3. The complete intersection Z is the image of the canonical map
ΦKY : Y → P4. We have a natural action on Z by the Gaolis group G =
Gal(Y/X) ≃ Z/3 of Y over X . This action is given by
τ0 : (W0 : X1 : X2 : Y3 : Y4) 7→ (W0 : εX1 : εX2 : ε−1Y3 : ε−1Y4), (2)
where τ0 is a generator of the group G. Since this action on Z has no fixed
points, the coefficients a
(i)
j ’s satisfy the following three conditions:
i) at least one out of a
(1)
0 and a
(2)
0 are not equal to zero,
ii) two polynomials α˜1 and α˜2 have no common zeroes on P
1 = {(X1 :
X2)},
iii) two polynomials β˜1 and β˜2 have no common zeroes on P
1 = {(Y3 : Y4)}.
For each integer n ≥ 0, we have a natural isomorphism
H0(OY (nKY )) ≃
⊕
m=0,1,−1
H0(OX(nKX −mT0)) (3)
corresponding to the action by G, where T0 is a generator of the torsion group
Tors(X). Note that this is a decomposition into homogeneous eigen spaces,
and that, in Theorem 3, the sets {W0}, {X1, X2}, and {Y3, Y4} correspond to
a base of H0(OX(KX)), that of H0(OX(KX−T0)), and that of H0(OX(KX+
T0)), respectively. The polynomials F˜1 and F˜2 generate the linear space
consisting of all the elements in H0(OP4(3H)) vanishing along Z, where H is
a hyperplane in P4.
2 Unirationality of the moduli space
In this section, we will give a proof for Theorem 1. We denote by W = P4
and (W0 : X1 : X2 : Y3 : Y4), the 4-dimensional complex projective space and
its homogeneous coordinate, respectively.
Let B˜ be the set of all (a
(i)
j )
1≤i≤2
0≤j≤12 ∈ C26 satisfying the conditions i), ii)
and iii) in Remark 3 such that two polynomials F˜1 and F˜2 given by (1) define
in W = P4 a complete intersection with at most rational double points as
its singularities. We denote by B˜0 the set of points in B˜ corresponding to
non-singular complete intersections. Note by [7, Remark 1], we have B˜0 6= ∅,
hence the spaces B˜ and B˜0 are dense Zariski open subsets of C
26. We have a
flat family Y˜ → B˜ whose fiber on each (a(i)j ) ∈ B˜ is a complete intersection
defined by F˜1 and F˜2 with a
(i)
j ’s as their coefficients. This Y˜ is a subvariety
of B˜ ×W stable under the action by G ≃ 〈idB˜ × τ0〉 ≃ Z/3, where τ0 is an
automorphism of W given by (2). Taking a quotient of Y˜ by this action, we
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obtain a family X˜ → B˜ whose fibers are the canonical models of surfaces X ’s
as in Theorem 3. Note that both restrictions Y˜|B˜0 → B˜0 and X˜ |B˜0 → B˜0 are
analytic families.
Lemma 2.1. Let X be an algebraic surface as in Theorem 3. Then there
exist bases of H0(OX(KX)), H0(OX(KX −T0)), and H0(OX(KX +T0)) such
that the polynomials F˜1 and F˜2 satisfy a
(1)
0 = 1, a
(1)
5 = a
(1)
9 = 1, a
(1)
7 = a
(1)
8 =
a
(1)
12 = 0, a
(2)
8 = a
(2)
12 = 1, and a
(2)
5 = a
(2)
6 = a
(2)
9 = 0.
Proof. Take those bases and F˜i’s in Theorem 3 in such a way that each
α˜i for i = 1, 2 has a zero of order at least 2 at (X1 : X2) = (i − 1 : 2 − i)
and that each β˜i for i = 1, 2 has a zero at (Y3 : Y4) = (i − 1 : 2 − i). This
is possible, since (X1 : X2) 7→ (α˜1(X1, X2) : α˜2(X1, X2)) is a morphism of
degree 3. Then, by the conditions ii) and iii) in Remark 3, we have a
(1)
5 6= 0,
a
(2)
8 6= 0, a(1)9 6= 0 and a(2)12 6= 0. Now, by replacing the elements in these bases
by their multiples by non-zero constants, and changing indices if necessary,
we easily obtain the assertion.
Consider the case of X for which F˜i’s as in Lemma 2.1 satisfy a
(2)
0 6= 0.
In this case, we replace X2 and Y4 by their multiples by a non-zero constant
such that the equality a
(2)
0 = 1, as much as the equalities in the lemma above,
holds. Then the defining polynomials Fi = F˜i’s of Z in W are given by
Fi =W
3
0 +W0γi(X1, X2, Y3, Y4) + αi(X1, X2) + βi(Y3, Y4), (4)
for i = 1, 2, where
γ1 = a
(1)X1Y3 + b
(1)X1Y4 + c
(1)X2Y3 + d
(1)X2Y4,
γ2 = a
(2)X1Y3 + b
(2)X1Y4 + c
(2)X2Y3 + d
(2)X2Y4,
α1 = X
3
1 + e
(1)X21X2,
α2 = g
(2)X1X
2
2 +X
3
2 ,
β1 = Y
3
3 + h
(1)Y 23 Y4 + l
(1)Y3Y
2
4 ,
β2 = h
(2)Y 23 Y4 + l
(2)Y3Y
2
4 + Y
3
4
are homogeneous polynomials with coefficients in C. We have a natural
inclusion C14 = {(a(1), b(1), · · · , l(2))} →֒ C26 = {(a(i)j )}, since the Fi’s above
are special cases of F˜i’s. We put B0 = C
14 ∩ B˜0, and denote by ψ : Y0 → B0
and ϕ : X0 → B0, the pull-back of Y˜ → B˜ and that of X˜ → B˜, respectively.
Now we are ready to prove Theorem 1. We use the same method as in [3,
Theorem 2. 11] and [2, Theorem 2.3].
Proof of Theorem 1. LetM be the coarse moduli space for surfacesX ’s
as in Theorem 3. By Theorem 3, any surface X as in Theorem 3 corresponds
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to a fiber of the family X˜ → B˜, where B˜ is a non-empty Zariski open subset in
C26. Thus by Tjurina’s results on resolution of singularities ([9]), all surfaces
X ’s as in Theorem 1 are deformation equivalent, and their moduli space M
is irreducible. Meanwhile by the universality of the coarse moduli space, we
have a natural morphism B0 →M corresponding to the family ϕ : X0 → B0.
This morphism is dominant by Lemma 2.1 and its succeeding argument. By
this together with Theorem 4, we obtain the unirationality of M, since B0
is a Zariski open subset in C14.
3 The infinitesimal period map
In this section, we will give a proof for Theorem 2. Let ψ : Y0 → B0 and
ϕ : X0 → B0 be the two analytic families given in Section 2. For each
t = (a(1), b(1), · · · , l(2)) ∈ B0, the fibers X = ϕ−1(t) and Y = ψ−1(t) are a
surface with invariants as in Theorem 1 and its universal cover, respectively.
Note that Y is a complete intersection in W = P4 defined by F1 and F2 as
in (4). We denote by π : Y → X and ι : Y → W the natural projection and
the natural inclusion, respectively.
Let TB0,t be the holomorphic tangent space at t ∈ B0. We denote by
ρ : TB0,t → H1(ΘX) and ρ′ : TB0,t → H1(ΘY ) the Kodaira-Spencer map of ϕ
and that of ψ, respectively. In order to prove Theorem 2, it only suffices, by
Theorem 4 and the equality dim TB0,t = 14, to show the injectivity of µ◦ρ for
general t ∈ B0, where µ is the morphism given in Theorem 2. Note that the
composite µ ◦ ρ corresponds to the infinitesimal period map of ϕ. Let ω ∈
H0(Ω2X) be a non-zero holomorphic 2-form on X such that π
∗ω corresponds
to the section W0 ∈ H0(Ω2Y ) in Remark 3. Since pg(X) = 1, the kernel of
µ ◦ ρ is equal to that of the morphism TB0,t ∋ ξ 7→ ((µ ◦ ρ)(ξ))(ω) ∈ H1(Ω1X).
Meanwhile we have the following commutative diagram:
TB0,t
ρ−−−→ H1(ΘX) ω×−−−→ H1(Ω2X ⊗ΘX) ≃ H1(Ω1X)y‖ id y y
TB0,t
ρ′−−−→ H1(ΘY ) W0×−−−→ H1(Ω2Y ⊗ΘY ) ≃ H1(Ω1Y ),
where the vertical morphisms H1(ΘX) → H1(ΘY ) and H1(Ω2X ⊗ ΘX) →
H1(Ω2Y ⊗ ΘY ) are natural inclusions induced by the decomposition of π∗ΘY
and π∗(Ω
2
Y ⊗ ΘY ) ≃ π∗Ω1Y associated with the action of the Galois group
G = Gal(Y/X). Note that ((µ ◦ ρ)(ξ))(ω) = ((ω×) ◦ ρ)(ξ) for any ξ ∈ TB0,t.
Thus in order to prove the injectivity of µ ◦ ρ, we only need to show that of
the morphism (W0×) ◦ ρ′ : TB0,t → H1(Ω2Y ⊗ΘY ).
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Let us prove the injectivity of (W0×)◦ρ′ for general t ∈ B0. We denote by
R ≃ ⊕∞n=0Rn and Rn the graded ring C[W0, X1, X2, Y3, Y4]/〈F1, F2〉 and its
homogeneous part of degree n, respectively. This graded ring R is naturally
isomorphic to the canonical ring of Y . For each m = 0, 1,−1, we denote by
R
(m)
n the set of all F ∈ Rn satisfying
F (W0, εX1, εX2, ε
−1Y3, ε
−1Y4) = ε
mF (W0, X1, X2, Y3, Y4).
This space R
(m)
n corresponds to the eigenspace H0(OX(nKX −mT0)) via the
isomorphism (3).
We have a natural exact sequence 0 → ΘY → ι∗ΘW → OY (3)⊕2 → 0 of
OY -modules. By the similar argument as in Catanese [1] and Oliverio [8], we
obtain, from this short exact sequence, the following commutative diagram:
R⊕51 −−−→ R⊕23 −−−→ H1(ΘY ) −−−→ 0yW0× yW0× yW0× y
R⊕52
δ−−−→ R⊕24 −−−→ H1(Ω2Y ⊗ ΘY ) −−−→ C −−−→ 0,
(5)
where both of the horizontal sequences are exact, and the morphisms R⊕51 →
R⊕23 and δ : R
⊕5
2 → R⊕24 are given by the matrix(
∂F1
∂W0
∂F1
∂X1
∂F1
∂X2
∂F1
∂Y3
∂F1
∂Y4
∂F2
∂W0
∂F2
∂X1
∂F2
∂X2
∂F2
∂Y3
∂F2
∂Y4
)
.
Let A′ : TB0,t → R⊕23 be the morphism given by ∂∂t 7→ ( ∂∂tF1, ∂∂tF2), that
is, the morphism giving the infinitesimal displacement of the deformation ψ :
Y0 → B0 of the submanifold Y ⊂W . Since the composite (W0×) ◦ A′ maps
TB0,t into the subspace R
(0)⊕2
4 ⊂ R⊕24 , we obtain a restriction A : TB0,t →
R
(0)⊕2
4 of (W0×) ◦A′. We put V = R(0)2 ⊕R(1)2 ⊕R(1)2 ⊕R(−1)2 ⊕R(−1)2 ⊂ R⊕52 ,
and denote by C : V → R(0)⊕24 the restriction of δ : R⊕52 → R⊕24 to this
subspace. Then from the commutative diagram (5), we infer the equality
ker((W0×) ◦ ρ′) = A−1(C(V )), where C(V ) is the image of the morphism C.
Let M ′ be a 26-dimensional subspace of R
(0)⊕2
4 spanned by the following
linearly independent elements:
(W 40 , 0), (W0X1X
2
2 , 0), (W0Y
3
3 , 0), (W0Y
3
4 , 0), (X
2
1Y
2
3 , 0),
(X21Y3Y4, 0), (X
2
1Y
2
4 , 0), (X1X2Y
2
3 , 0), (X1X2Y3Y4, 0),
(X1X2Y
2
4 , 0), (X
2
2Y
2
3 , 0), (X
2
2Y3Y4, 0), (X
2
2Y
2
4 , 0),
(0,W 40 ), (0,W0X
2
1X2), (0,W0Y
3
3 ), (0,W0Y
3
4 ), (0, X
2
1Y
2
3 ),
(0, X21Y3Y4), (0, X
2
1Y
2
4 ), (0, X1X2Y
2
3 ), (0, X1X2Y3Y4),
(0, X1X2Y
2
4 ), (0, X
2
2Y
2
3 ), (0, X
2
2Y3Y4), (0, X
2
2Y
2
4 ). (6)
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Then, denoting the image of A : TB0,t → R(0)⊕24 by M , we have R(0)⊕24 =
M ⊕M ′. Thus there exist two morphisms D : V → M and D′ : V → M ′
such that C = D +D′. Note that C(V ) ∩M ≃ D(kerD′). By this together
with the injectivity of A, we obtain
ker((W0×) ◦ ρ′) = A−1(C(V )) ≃ D(kerD′).
Meanwhile we have dimV = 25 and
(W 20 ,W0X1,W0X2,W0Y3,W0Y4) ∈ kerC = kerD ∩ kerD′.
Thus in order to prove the injectivity of (W0×) ◦ ρ′ : TB0,t → H1(Ω1Y ⊗ΘY ),
we only need to show the equality rankD′ = 24.
So, in what follows, we will show rankD′ = 24 for general t ∈ B0. We
employ the following base of V :
(W 20 )1, (X1Y3)1, (X1Y4)1, (X2Y3)1, (X2Y4)1,
(W0X1)2, (W0X2)2, (Y
2
3 )2, (Y3Y4)2, (Y
2
4 )2,
(W0X1)3, (W0X2)3, (Y
2
3 )3, (Y3Y4)3, (Y
2
4 )3,
(W0Y3)4, (W0Y4)4, (X
2
1 )4, (X1X2)4, (X
2
2 )4,
(W0Y3)5, (W0Y4)5, (X
2
1 )5, (X1X2)5, (X
2
2 )5, (7)
where, for each u ∈ R2 and 1 ≤ i ≤ 5, we denote by (u)i the element
(v1, v2, v3, v4, v5) ∈ R⊕52 given by vi = u, vj = 0 (j 6= i). Let L1 be the 26×25
matrix of D′ corresponding to the bases (7) of V and (6) of M ′: i.e.
L1 =
(
L
(1)
1,1 L
(1)
1,2 L
(1)
1,3
L
(1)
2,1 L
(1)
2,2 L
(1)
2,3
)
,
where 13 × 5 matrixes L(1)1,1, L(1)2,1, and 13 × 10 matrixes L(1)1,2, L(1)2,2, L(1)1,3, L(1)2,3
are given by
L
(1)
1,1 =


3
0
0
0
a(1)
b(1) a(1)
b(1)
c(1) a(1)
d(1) c(1) b(1) a(1)
d(1) b(1)
c(1)
d(1) c(1)
d(1)


, L
(1)
2,1 =


3
0
0
0
a(2)
b(2) a(2)
b(2)
c(2) a(2)
d(2) c(2) b(2) a(2)
d(2) b(2)
c(2)
d(2) c(2)
d(2)


,
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L
(1)
1,2 =


−3 −e(1)
2e(1)
−3 a(1) −e(1) 0 c(1)
b(1) d(1)
3 e(1)
3 e(1)
3 e(1)
2e(1)
2e(1)
2e(1)
0
0
0


,
L
(1)
2,2 =


−g(2) −3
2g(2)
a(2) c(2)
0 −g(2) b(2) −3 d(2)
0
0
0
2g(2)
2g(2)
2g(2)
g(2) 3
g(2) 3
g(2) 3


,
L
(1)
1,3 =


−a(1) −c(1) −b(1) −d(1)
c(1) ∗ d(1) ∗
3 −a(1) h(1) 0 −b(1)
l(1) −c(1) −d(1)
3 h(1)
2h(1) 2l(1)
l(1)
3 h(1)
2h(1) 2l(1)
l(1)
3 h(1)
2h(1) 2l(1)
l(1)


,
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L
(1)
2,3 =


−a(2) −c(2) −b(2) −d(2)
∗ a(2) ∗ b(2)
−a(2) h(2) −b(2)
0 l(2) −c(2) 3 −d(2)
h(2)
2h(2) 2l(2)
l(2) 3
h(2)
2h(2) 2l(2)
l(2) 3
h(2)
2h(2) 2l(2)
l(2) 3


.
Here empty entries are zero. For general t ∈ B0, we strike off the rows and
the columns of L1 meeting the following entries by doing the operations in
this order: (3, 16),(1, 6),(17, 22),(14, 12), (2, 7),(4, 17),(15, 11),(16, 21). Then
we see rankL1 = rankL2 + 8, where L2 is the 18 × 16 matrix obtained by
removing from L1 the following: i) the rows and columns meeting the 8
entries given above, and ii) the first column. Thus we only need to show
rankL2 = 16 for general t ∈ B0.
Let L3 be the 18×16 matrix obtained by specializing L2 by e(1) = g(2) = 0.
We can strike off the rows and the columns of L3 meeting the following entries:
(1, 5),(2, 6),(3, 7),(16, 8),(17, 9),(18, 10). Thus we see rankL2 ≥ rankL3 =
rankL4 + 6 for general t ∈ B0, where L4 is the 12 × 10 matrix obtained by
removing from L3 the rows and columns meeting the 6 entries above. Hence
we only need to show rankL4 = 10 for general t ∈ B0.
It now suffices to show detL5 6= 0 for general t ∈ B0, where the 10 × 10
matrix
L5 =


c(1) a(1) 3 h(1)
d(1) c(1) b(1) a(1) 2h(1) 2l(1)
d(1) b(1) l(1)
c(1) 3 h(1)
d(1) c(1) 2h(1) 2l(1)
b(2) a(2) 2h(2) 2l(2)
b(2) l(2) 3
c(2) a(2) h(2)
d(2) c(2) b(2) a(2) 2h(2) 2l(2)
d(2) b(2) l(2) 3


(8)
is the one obtained by removing from L4 its 6-th and 7-th rows. But,
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when we compute detL5 by the definition of the determinant, the monomial
(d(2))2(a(1))2(l(2))2h(2)(h(1))2l(1) appears only once, i.e., from the term passing
the entries (9, 1), (10, 2), (1, 3), (2, 4), (7, 5), (3, 6), (5, 7), (6, 8), (8, 9), and
(4, 10) of L5. Thus, for general t ∈ B0, we have detL5 6= 0, and hence
rankD′ = 24, which completes the proof of Theorem 2.
Masaaki Murakami
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